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Abstract

We prove concentration inequalities for polynomials of independent, sparse a-sub-exponential
random variables. Specifically, we consider X; = 4;&;, where the Bernoulli selectors 9; are
independent with parameters p;, and the variables ¢; are independent a-sub-exponential ran-
dom variables (not necessarily centered). For any polynomial f : R™ — R of degree at most
D and any 0 < o < 1, we establish an L,-moment bound for f(X) — Ef(X) in terms of
partition norms of sparsity-weighted expected derivative tensors. The weights count distinct
coordinates rather than multiplicities and therefore distinguish diagonal, partially diagonal,
and off-diagonal contributions. This captures the sparse scaling in both collective fluctuation
regimes and extreme-coordinate regimes.

When all sparsity parameters are equal to one, our result recovers the polynomial concen-
tration inequality of Go6tze, Sambale, and Sinulis. In degree two, it recovers sparse Hanson-
Wright bounds. As applications, we derive deviation inequalities for the distance between a
sparse simple random tensor and a fixed subspace, and obtain lower bounds for the smallest
singular value of matrices whose columns are independent sparse simple random tensors.

1 Introduction

Concentration inequalities are a fundamental tool in probability theory and its applications. A
classical example is the Gaussian concentration inequality [6]: if G is a standard Gaussian vector
in R™ and f : R™ — R is 1-Lipschitz, then for every ¢t > 0,

P{|f(G) —Ef(G)| > t} < 27/

Such inequalities play a central role in the study of Gaussian processes, high-dimensional ge-
ometry, random matrices, and related areas. However, many natural functions arising in proba-
bility, combinatorics, and theoretical computer science are not Lipschitz. A basic class of such
examples is given by polynomials of independent random variables. For instance, subgraph
counts in random graphs can be written as polynomial functions of independent edge indicators;
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their concentration and large-deviation behavior have been extensively studied (see, for instance,
[22,9, 10, 31]).

This paper studies concentration inequalities for random polynomials with sparse independent
inputs. Since tail bounds can often be obtained from L,-moment estimates through Markov’s
inequality, much of the literature on polynomial concentration is formulated in terms of sharp
bounds for L,-norms; see, for example, Proposition 3.3 in [16]. We first recall several lines of
work most relevant to the present paper.

The most classical case is the linear form Z?Zl a;&;, where a = (a;)i<n, is a fixed vector and
{& 1} is a sequence of independent random variables. Montgomery-Smith [32] gave two-sided
concentration bounds for Z?:l a;&; when &; are Rademacher variables (i.e. {; = 41 with equal
probability), Gluskin and Kwapieri [15] obtained the optimal L,-norm estimate under log-concave
tails, and Hitczenko, Montgomery-Smith and Oleszkiewicz [21] derived the optimal bound for the
log-convex-tailed case (i.e. log P{|&;| > ¢} is convex or concave, respectively). A general optimal
estimate for || >, a;&;|| 1., under the assumption that the variables are symmetric or non-negative,
was obtained by Latata [26]. These results provide a mature understanding of the linear regime
and serve as a benchmark for higher-order inequalities.

The next fundamental case is the quadratic form £ A¢ — E&T A€, which is the subject of
Hanson-Wright type inequalities. The classical Hanson-Wright inequality [18, 34] gives a two-
level tail bound governed by the Hilbert—-Schmidt and operator norms of A. It has become a
standard tool in high-dimensional probability, with applications to random matrices, covariance
estimation, compressed sensing, randomized linear algebra, graph theory, and statistical learn-
ing. Considerable work has been devoted to extensions beyond the classical Rademacher or
sub-Gaussian settings, including quadratic forms of dependent variables, non-isotropic random
vectors, unbounded entries, and tensor-valued analogues; see, for example, [27, 38, 1, 23, 30, 11,
22, 16, 8] and references therein.

Sparse quadratic forms with entries X; = 0;&; where §; ~ Bernoulli(p; ) have attracted partic-
ular attention recently [14, 39, 40, 19, 36, 35, 20, 12] (we refer to [20] for a detailed discussion),
as dense Hanson-Wright inequalities lose the correct dependence on sparsity parameters p;. The
authors of [20] developed Hanson-Wright inequalities for sparse independent a-sub-exponential
variables with applications to random matrices and norm concentration. Subsequently, [12] ob-
tained a refined sparse Hanson-Wright inequality for 0 < o < 1. The present paper extends this
improved sparse quadratic theory to arbitrary fixed degree.

Beyond quadratic forms, a natural object is the order-d tetrahedral chaos
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indices coincide) and § = {&;,7 < n} is a sequence of independent mean-zero random variables.
Optimal L,-norms for this chaos have been established by Latata [28] in the Gaussian case, by
Adamczak and Latata [2] under log-concave tails (sharp for d < 3), and by Kolesko and Latata
[24] under log-convex tails.

Several related developments address tensor-valued or structured higher-order models. Ver-
shynin [37] proved concentration inequalities for simple random tensors with independent sub-
Gaussian entries, with explicit dependence on both dimension and tensor order. Bamberger, Krah-
mer and Ward [5] established a Hanson-Wright inequality for random tensors. Adamczak, Latata



and Meller [3] obtained moment and tail estimates for Gaussian chaoses with values in Banach
spaces. The general moment inequalities of Boucheron, Bousquet, Lugosi and Massart [7] apply
to broad classes of functions of independent random variables and include moment inequalities
for Rademacher chaoses.

These results primarily address either centered chaoses, dense tensor models, or general func-
tions through abstract difference operators. While centering by subtracting the mean is conceptu-
ally straightforward, converting the resulting bounds into neat formulas is surprisingly complex,
with computational difficulty growing steeply in the degree d. This challenge is already apparent
for d = 3 and becomes prohibitive for higher orders.

A broader framework for polynomial concentration was developed by Adamczak-Wolff [4]
and by Gotze-Sambale-Sinulis [16]. These works study general polynomials f(&1,...,&,) of in-
dependent, not necessarily centered, random variables, with bounds expressed in terms of partition
norms of the expected derivative tensors E f(4) (¢) for 1 < d < D. Adamczak and Wolff [4] treated
the sub-Gaussian setting, while Gétze, Sambale and Sinulis [16] obtained corresponding inequal-
ities for a-sub-exponential variables with 0 < o < 1. The appearance of all derivative orders is
essential: lower-order derivatives may dominate fluctuations even for high-degree polynomials.

The present paper develops a sparse analogue of this polynomial concentration theory. We
consider independent random variables X; = §;&; fori = 1, ..., n, where the Bernoulli selectors
0; have parameters p; and the &; are independent a-sub-exponential with 0 < o < 1. For a
polynomial f : R™ — R of degree at most D, we prove moment and tail bounds for f(X)—Ef(X)
in terms of sparsity-weighted versions of the expected derivative tensors. The case av > 1 requires
different analytical tools and will be addressed in future work.

We also apply our results to sparse simple random tensors, obtaining deviation inequalities
for the distance between a sparse simple random tensor and a fixed subspace. Using leave-one-
out arguments and the negative second moment identity, this yields lower bounds for the smallest
singular value of matrices with independent sparse simple random tensor columns.

The rest of the paper is organized as follows. In Section 2, we state the main sparse polynomial
concentration theorem and its tail consequence. Section 3 presents applications to sparse simple
random tensors, including distance estimates to fixed subspaces and lower bounds for the smallest
singular value of random tensor matrices. Section 4 is devoted to the proofs. The appendix
contains auxiliary tensor-norm estimates needed for the application section.

2 Main results

We study concentration inequalities for polynomials of independent sparse a-sub-exponential ran-
dom variables. Let X; = §;&; for 1 < i < n, where the variables {0;,&; : ¢ € [n]} are mutually
independent, ¢; ~ Bernoulli(p;) with 0 < p; < 1, and &; is a-sub-exponential. Our goal is to
bound

JOO -Ef(X), X =(Xi..., X,

where f : R™ — R is a polynomial of degree D.
Recall that a random variable ¢ is called a-sub-exponential if, for all t > 0,

P{|¢| > t} < Ce ",



where C', ¢ > 0. We use the standard Orlicz functional

€]l w, := inf {t >0:Eexp (EL&) < 2} .

For o« > 1, this is a norm; for 0 < a < 1, it is no longer a norm, but we keep the same notation.
Since | X;| < |&;], one has

1 Xillwo < lI€illwa-

Thus the dense polynomial concentration inequalities of Adamczak-Wolff [4] and G6tze-Sambale-
Sinulis [16] may be applied directly to f(X) —Ef(X). However, this direct approach ignores the
fact that X; vanishes with probability 1 — p;, and therefore generally gives suboptimal dependence
on the sparsity parameters p; (see Remark 2.4 in [12] for an example). The purpose of this paper
is to derive concentration bounds that preserve this sparsity information.

We now introduce the notation for the main theorem, adapted primarily from [16]. For a vector
= (z1,...,2,)" € R, we write ||z]|, = (3, |xi\”)l/’" for the ¢, norm. For a random variable
¢, we write ||€]|. = (E|¢]")Y/" for its L, norm.

Unless otherwise stated, we denote by C, C, ¢, ¢, . . . universal constants independent of any
parameters and the dimension n. Similarly, C(§),c(d), ... denote constants depending only on
the parameter 6. Their values can change from line to line. We write f < g if f < Cg for some
universal constant C, and f <5 g if f < C(d)g for some constant C'(¢) depending only on . We
use f < gif f < gand g < f, and similarly f =s g.

Let [n] := {1,...,n}. Ford > 1, amulti-index i = (i1, .. .,iq) € [n]¢ selects one coordinate
in each of the d directions. A d-tensor is an array A = (a;);¢|y)¢- For two d-tensors A = (a;) and
B = (b;), their Hadamard product is the d-tensor A o B with entries

(Ao B); = asbs, ic[n]%

Given an index set I C [d], we write i; = (i;)je. For a d-tensor A, the notation A;, denotes
the tensor obtained by fixing the coordinates in /¢ and allowing the coordinates in I to vary.
Equivalently, i; records the free coordinates of the slice. For example, if d = 4, I = {2,4}, and
i1 = 1,43 = 2, then A;, = (1,24, )is,i,- In particular, in the main theorem below, the expression
(+)i,e denotes the slice obtained after fixing the coordinates indexed by 1.

Let IT; be the set of all partitions of [d]. More generally, for I C [d], let II() be the set of all
partitions of I. If 7 = {J1,...,Ji} € II(I), then |J| = k denotes the number of blocks. We
use the convention that II(()) = {0}, and the corresponding tensor norm of a scalar is its absolute
value.

Given a partition 7 = {.J1, ..., Ji} € 14, we define

k
[l =swpd S a T[S0 (#0) <1 0=1,

icfn)d =1 i,

The same definition applies to sliced tensors A;, and partitions 7 € II(I).
These norms increase as partitions become coarser. A partition Z = {1, ..., I,} is finer than
a partition J = {Jp,...,J,} if each block of [J is a union of blocks from Z. For example,



{{1,2},{3},{4}} is finer than {{1, 2,4}, {3}}. This gives the monotonicity

1/2
lAllop = 14l g0y, qayy < I4ll7 < WAl gay = NAlus = (3 af) "

i

For a multi-index i = (i1, .. .,iq) € [n]?, define
d
pf ) V p]l pjl/’
where j1, ..., 7, are the distinct coordinate values appearing in i. Thus repeated coordinates are

counted only once. We write
d) _ (p(d)
@ = (p; )ie[n}d

for the corresponding d-tensor. For I C [d], define the partial sparsity weight

d),.
Pg )(21) = /Pk1 " Pk,
where k1, ..., k, are the distinct coordinate values appearing in i; = (7;)jc7. We use the conven-
tion péd) = 1. The role of the quotient p(%) / pgd) will be illustrated after the theorem in the cubic

case.
We first state the general result. For 1 < d < D, I C [d], and J € II([d] \ I), define

1 >
ire Jpﬁd)(iz)

My ;.7 i= max (H <Ef(d)(X) o p(d)>
1y 17c

With the slicing convention above, the subscript i;c indicates that the coordinates in /¢ remain
free, while the coordinates in I are fixed and maximized over.

THEOREM 1. Let f : R™ — R be a polynomial of degree D. Let X1,--- , X, be a sequence

of independent random variables such that X; = 0; - &;, where the variables {0;,&; : i € [n]}
are mutually independent, 0; ~ Bernoulli(p;), and &; is an a-sub-exponential random variable
satisfying ||&i||lw,, < 1. Assume 0 < a < 1. Then, for any r > 1,

1f(X) =Ef(X)lz. Spa Z oo >, o, .

d=11C[d) Tl ([d]\I)

The cubic case. We now illustrate Theorem 1 in the first genuinely higher-order case. Since
D = 2 recovers the sparse Hanson-Wright bounds from [12], the cubic case D = 3 is the simplest
setting where the new higher-order structure appears.

Assume, for this example, that p; = - -+ = p,, = p, that the variables X; are centered, and that

f($ Z Bz]k$1$]$k7

t,5,k=1

where B is symmetric and diagonal-free, i.e., B;j;, = 0 whenever |{4, j, k}| < 3. Then f®) = B,
while Ef(M(X) = Ef(?)(X) = 0. For any index vector i corresponding to a nonzero entry of B,
3-11)/2,

Py N (
we have =
P53)(i1) b



Theorem 1 yields that, for every r > 1,

1F(X) =EfX)z, Sa 2™ [P 2By +7 > I1Bla +r*21Bllguy.02.61)

JEeI([3])
|7|=2

+p > [7’1/2“/& max IBsyellgey + /e max | Bisell{{j}:5e1e}
]

IC]3
=1
+ \/137,1/2+2/a Z max ”BiIC H{IC} + ri/e max ‘Bi1i2i3 .
cp 3]
|7]=2

To interpret these partition norms, note that

1Bz = 1Blus, 1Bl 113.423.1313 = [ Bllop;

and the middle terms || B|| 7 for | 7| = 2 interpolate between them. When coordinates are fixed
to form slices || B;,. ||, different structures emerge. If |I| = 1, fixing one coordinate yields matrix
slices with norms || B; . [|{7e; (Hilbert-Schmidt norm) and || B; . [|{{;}:jere} (operator norm). If
|1| = 2, fixing two coordinates yields vector fibers with {2 norm || B [|{7ey. If [I| = 3, fixing all
coordinates yields the maximum entry || B||max = MaxX;, iy i | Biyigis |-

This display illustrates the structure of the general theorem. If no coordinate is fixed, all three
Bernoulli selectors contribute to the averaging scale, yielding the factor p®/2. If one coordinate is
fixed, the remaining matrix slice carries the factor p. If two coordinates are fixed, the remaining
vector fiber carries the factor /p. If all three coordinates are fixed, there is no uniform sparsity
gain in the high-moment regime, and the corresponding term is controlled by || B||max. Each fixed
coordinate costs a heavy-tail factor /@, while the remaining free coordinates are measured by
partition norms.

Theorem 1 and the standard moment-tail relationship (see, e.g., Proposition 3.3 in [16]) im-
mediately yield the following exponential tail bound for f(X). We omit the proof via Markov’s
inequality as it is standard.

COROLLARY 1. Under the assumptions of Theorem 1, there exist constants Cp o, cp,o > 0 such
that, for any t > 0,

P{f(X) - Ef(X)| >t} <C i t\E
= S UD,a €XP CD,a 1§d§%1,1}g[d}, Md,I,J

JEW([d\I), Mq,1,7>0

If all My 1. 7 vanish, then f(X) —Ef(X) = 0 almost surely and the bound is trivial.

2.1 Discussion of Theorem 1

When p; = --- = p, = 1, all sparsity weights are equal to one. Hence Theorem 1 reduces to the
polynomial concentration inequality of Gotze, Sambale, and Sinulis [16] for a-sub-exponential
inputs. In this sense, Theorem 1 is a sparse analogue of their result.



The case D = 2 recovers the sparse Hanson-Wright inequality proved in [12]. More precisely,
for E§; = 0 and symmetric coefficients a;; = aj;, Theorem 1 yields a four-term estimate for

f(X) =22, a; XX

n 1/2
1£(X) = SO, Sa r/® maxag] + /24 max (3 a2y
" %, i -
7j=1

n 1/2
1 l(@ig BB il + V(D akpi+ D akpins)

i=1 i]

This illustrates the sparse Hanson-Wright phenomenon: averaged coordinates contribute powers
of pi/ ?, while coordinates controlled through high moments do not carry a uniform sparsity gain
(see [20, 12] for detailed discussions).

For general D, the same mechanism is encoded by the quotient

p@/pf.

The numerator p(®) records the Bernoulli weights for all distinct coordinates in a derivative tensor.
The denominator pgd) removes the sparsity gain from the coordinates fixed in the high-moment
part. This removal is necessary: for instance, a single monomial like X{ = 6;¢ has L,-norm
of order P/ in the regime r 2 Dlog(1/p1), so no positive power of p; can multiply the corre-
sponding extreme-coordinate term uniformly in 7.

The appearance of all derivative orders 1 < d < D is also unavoidable for non-centered
polynomials. For example, if X; = &; ~ Bernoulli(p), S = > | X;, and f(z) = (3, z:)7,
then the leading fluctuation of S? is of order (np)” *1\/7Tp. This scale is captured by the first
derivative Ef(1)(X), not by the top derivative alone. Thus the lower-order derivative tensors in
Theorem 1 are a structural feature of polynomial concentration for non-centered inputs, already
present in the dense results of Adamczak-Wolff [4] and Go6tze-Sambale-Sinulis [16].

Finally, we comment on the proof strategy. Our proof follows the polynomial concentra-
tion framework from the dense setting (see [1, 16]): one expands the polynomial into centered
monomial chaoses, applies decoupling and symmetrization, reduces the variables to Weibull-type
models through a contraction principle, and then invokes moment estimates for chaoses with log-
convex tails. The new difficulty in the sparse setting is that the Bernoulli selectors must be kept
throughout this reduction. Their contribution depends on how many distinct coordinates remain
averaged and how many coordinates are fixed in the high-moment regime. This is exactly what
produces the distinct-coordinate weight p(® and its quotient by pgd). The key technical contri-
bution is to propagate these weights through the partition-norm estimates and then convert the
resulting coefficient tensors back into the expected derivative tensors Ef(49)(X).

3 Applications: Subspace Distance and Smallest Singular Values

In this section we illustrate Theorem 1 through a geometric concentration result for sparse simple
random tensors. Let .
1 d
X=XWVg...0x@cRr",



where the vectors X1 ..., X(@) ¢ R™ have independent sparse a-sub-exponential entries.
. . d ..
A natural problem is to understand the distance from X to a fixed subspace H C R™ . Writing
Py, 1 for the orthogonal projection onto H+, we have

dist(X, H) = || Pyyo X||o.

For d = 1, this is a Lipschitz function of the underlying independent entries. For d > 2, however,
the map

(XY, XDy o [P (XD @@ XDl
is no longer globally Lipschitz in the scalar inputs. Its square is a polynomial of degree 2d. More

o« o e . d d
generally, for a deterministic matrix B € R™ *™",

|BX||2=X"B'BX.

Thus Theorem 1 applies naturally to this problem and yields a deviation inequality which keeps
track of the sparsity parameter.

The following theorem gives the resulting concentration estimate. Throughout this section,
the tensor order d is fixed, and constants may depend on d and .

THEOREM 2 (Distance theorem for sparse simple random tensors). Ler 0 < o < 1, p € (0,1],
and let
X:X(1)®®X(d) ERnd7
where Xi(k) = 5§k)§§k), the variables 6§k) are i.i.d. Bernoulli(p), and the variables fz(k) are
independent, mean zero, variance one, and satisfy H{i(k) e, < 1. All variables are assumed to be
mutually independent. Set
- s/2
Anpa = max (np)*~.

Then for every deterministic nonzero matrix B € R gnd everyt > 0,
4
<9 ] t2 ( ¢ >a < " >a/d

< 2exp | —Cq,qmin , — ‘
i A2 pall BIZ, \nt@D72Bllop ) " \[Bllop

In particular, if np > 1, then

P{|I1BX]2 — p"|Bllus

An,p,d _ (np)(d_l)/2.

Taking B = Py 1 in Theorem 2 gives the following distance estimate. If H C R" is a fixed
subspace and k := dim(H"'), then || Py |lop = 1 and || Py |lus = Vk. Consequently, for every

t>0,
P

dist(X, H) — pd/Q\/%‘ > t}

t2 t “
< 2exp | —cq,qmin , ( — > ,to‘/d .
oo {5 (s




The distance estimate of the preceding form serves as a core tool for studying random matrices
with tensor structures. Indeed, by the standard leave-one-out argument and the negative second
moment identity, lower bounds on

diSt(X]’,Hj), Hj = span{XZ- 01 ?é ]},

imply lower bounds for the smallest singular value of the column matrix.

For d = 1, this problem reduces to the smallest singular value of an ordinary rectangular
random matrix, which has been extensively investigated. For independent sub-Gaussian entries,
Rudelson and Vershynin [33] proved lower bounds of the optimal order. In the sparse regime,
Gotze and Tikhomirov [17] demonstrated opin(X) > v/mp under certain moment conditions.
For higher-order tensors (d > 2), Vershynin [37] established that oy, (X) > +/€ for dense sub-
Gaussian tensor matrices when m = (1 — ¢)n<.

As a direct consequence of Theorem 2, we extend these frameworks simultaneously to the
sparse and heavy-tailed setting, providing a non-trivial lower bound for sparse simple random
tensor matrices.

COROLLARY 2 (Smallest singular value of sparse simple tensor matrices). Let X1, ..., X,, be
independent copies of
X=xXDVg...9 X@cr

as in Theorem 2, and let .
X =(X1,...,X) ER" xm

Suppose that

2/a
cl(dlogdn) ool
np
and
m < (1—¢e)n.
Then

1
]P’{Umin(X) > 2pd/2\/16_5} > 1—2exp |—ca(pPen)®/?|

where c1,cy > 0 depend only on o and d.

Remarks on the applications. Theorem 2 applies sparse polynomial concentration to quadratic
forms in simple random tensors. If X = XM @ ..@ X(@ € R"’, then |IBX|2=X"B"BXisa
degree-2d polynomial in the underlying independent entries. The proof in Section 4.2.1 establishes
a more general moment estimate (see Theorem 3) for such tensor quadratic forms, but we defer
that technical statement to the proof section since it requires additional partial-trace notation. For
geometric applications, Theorem 2 provides the main tool.

Theorem 2 gives a sparse, heavy-tailed analogue of tensor Hanson—Wright concentration. A
closely dense result is the tensor Hanson-Wright inequality of Bamberger, Krahmer and Ward [5]
for quadratic forms in simple random tensors with independent centered sub-Gaussian entries. Our
setting differs: the entries are sparse and only a-sub-exponential with 0 < a < 1. Accordingly,
the typical distance scale becomes p%?||B||us, and the leading fluctuation contains the sparse



factor Ay, g = maxogsgd_l(np)sﬂ.
dense sub-Gaussian theory.

The tail bound in Theorem 2 has three regimes corresponding to

/(A7 pall BIZs): ¢/ (V2 Bllop))®,  (t/11Bllop)*’?.

Thus our result complements rather than improves the

The first captures Gaussian-type fluctuations, while the second and third reflect heavy-tailed be-
havior from products of «-sub-exponential variables. These additional regimes are natural for
degree-d tensor products but absent in purely sub-Gaussian linear models.

The constants in our results depend on the tensor order d, so they are most useful when d is
fixed. This differs from dense sub-Gaussian tensor results like Vershynin [37], where the depen-
dence on d is tracked explicitly. The advantage of our approach is its applicability to sparse inputs
and the heavy-tailed regime 0 < a < 1.

Corollary 2 should be viewed as a consequence of general polynomial concentration rather
than an optimal smallest-singular-value theorem. For ordinary matrices (d = 1), sharper bounds
exist through specialized methods. The value of Corollary 2 is that the same distance argument
works for tensor-product columns with sparse a-sub-exponential entries. The probability estimate
becomes meaningful once pen is at least logarithmic in n, which motivates the assumption £ >
c1(dlogn)®/(np?).

4 Proofs of our main results

4.1 Proof of Theorem 1

To begin, we introduce the notation and auxiliary lemmas that will be used throughout this section.
For any multiindex i, denote [i| = 3, ;. Write

n*:={ie [n]? : i1, ..., iq are pairwise distinct }
and
Im7d = {(ilv T 7im) S NT : ‘1‘ - d}

For two d-tensors A = (a;) and B = (b;), their (Frobenius) inner product is

(A, B) = Z a; by.
icn]d

The first property we shall introduce is the following contraction principle.

LEMMA 4.1 (Lemma 3.1 in [16]). For every k € N, a > 0 and r > 1 the following holds. Let
Y1,...,Y, be independent, symmetric random variables satisfying ||Y;||w_,, < M. Then

a/k
n
HZ a;Y;
i=1

where the w; ; are i.i.d. symmetric Weibull random variables with shape parameter c.

n
SakM H E Qi W1 - - wzkH )
Lr i=1 L

10



Recall that a random variable ¢ is said to have a log-convex tail if the function
t — log P{[¢] > t}

is convex for t > 0. We will also need the following properties which bounds the L,.-norms of
multilinear forms in random variables with log-convex tails.

LEMMA 4.2 (Theorem 1 in [24]). Let (Xi(j ))¢§n7j§d be independent symmetric r.v.’s with log-

convex tails such that E\XZ-(j ) > = 1 for all i,j. For any multiindexed matrix (ai)igpn)e and any
r > 2 we have

[ S axPe x| = >3 (3w i I TLIXE ML)

IC[d] JETI(I¢) jel

To state the next property we fix some notation. For any subset S C [n]¢ let 1g be the
indicator tensor whose entry at position i € [n]? is 1 if i € S and 0 otherwise. Given a partition
K={Ki,...,K,} of [d], we set

{1 zk—zl<:>5|jsuchthatkl€K}

In words, L(K) collects all multi-indices whose level-set partition is exactly /.

LEMMA 4.3 (Lemma 3.4 in [16]). Let A = (ai)ic[nje be a d-tensor; I C [d] and it € [n]!!! fixed.
Then for any KC € 115 and J € TI(I°),

(A 0 1pg)igelly < 2MIK=D2)45 7
Proof of Theorem 1. Without loss of generality, we can represent any order D polynomial f as

kl k2 .. kV
Z Z Z Z z1,k1 1«u,k‘y)xil Liy Li, + co,

d=1v=1 kEIVd 16[1’1]”

(d) (d)

where the constant satisfies that Clivkt) (iw k) = Clims o Yorees(imy oms) for any permutation
) s vyRy Ry Ty Ry
(my,- -+ ,m,) of [v]. Note that
f(X) —Ef(X)
S k k k
=200 3 X b i I (X —EX +EXD)
d=1v=1ke€l, 4i€[n]z JEW]

D
S Y i | 2 TTY —EXI) [ EX

d=1v=1kel, 4ic[n]~ 0£JICv]) jed JEJ

Hence, by rearranging the terms and using the triangle inequality, we have

£6) S5 S| S ekt mad et - wx

d=1v=1kel, 4 i€[n]¥

)

11



k _ k‘1, K my\ (ki+ +km kﬁ
ded ey Yy (M), 1T e
m= Vku+ly km>0 il/+1,“'7im ﬁ l/+1
k14 +km <D (i1, ,im)E[n]™*
Indeed, in the rearrangement of the sum, for a given degree m with V many terms of (X; F_REX k)
ks IEX )H i1 BXG %5 Then for given m, v, there
will be (V) many products corresponds to th1s pattem in the sum due to symmetry.

Let X ... X(D) be independent copies of the random vector X. Let (5? )), 1 <1<
n,1 < j < D be a sequence of i.i.d. Rademacher variables independent of X @ ... x (D), By the
standard decoupling inequalities (see Theorem 3.1.1 in [25]) and symmetrization technique (see

Section 6.1 in [29]), we have for r > 1

LF(x) = EFO]|,

we will just consider the pattern [ [ _1(X

D d
I IPIN DIXH(CDEES-C DR C DTS e DLl §
d=1v=1Kkel, 4 ic[nx r
D d
1 1 v v
S"Z Z Z akgl(l)(Xi(l))kl o 8§V)(XZ(V))]€V L
d=1v=1kel, 4 i€njx r
D d
1 v v
S I DI R i
d=1v=1kel, 4 i€n|z "
Due to that H(§i(j))"“\|\1,a/lc = ||§Z(j)H’§,a <1,7=1,---, D, we have by an iteration of Lemma 4.1
1£00) ~EF(X)] .
D d
1 1 1 v v v

d=1v=1 k€ v.d 1€[n]"

where {w ,1 < 4,5,k < D} is a sequence of i.i.d. symmetric Weibull variables with shape
parameter o, and the extra factor of & will not change its distribution.

We next define a d-tensor A; = (ai(d)) ic[n)e as follows. Given any i = (i1, - -+ ,iq), there are
distinct elements J1,° -+ ,J» with each j; appearing exactly k; times in i. Then, we set agf),__ iy =
ayfl’ “]’u (as a}‘ is invariant under permutation on [v]). Obviously, we have k; + --- + k, = d.

For any k = (ki,--- ,ky) € I, 4, denote by K(k) = {Ky,---,K,} € II; such that K]
{Zij ki +1, Zi;% ki+2,--- ,25:1 ki},1=1,--- ,v. For convenience, given ak € I, 4, let

Yy = (wz(,11) '5§1))i§n’y(2) - (wz(,12))i§n’ Y = (w§,1k)1)i§n’
Y(k1+1) _ (wz(i) . 5(2) Y(k1+2) _ (wz(,22)) 7Y(lier) _ (w(Q)

i )i§n7 i<n’ Z,kz)ign’

y (521 ki) (w(vl) Q)

)y - ()

02 )icn YW = (w(”)

Z,ku)ign'
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Note that

1) 0, t=20
710g]P){‘52(1 21 1’ >t}
—logp;, t>0
is a concave function for £ > 0. Since Lemma 4. 2 is stated under the normalization E]X v \ =1,

we apply it below to the normalized variables Y /HY Hg, the deterministic factors HY ||2 are
then absorbed into the coefficient tensor. Hence we can further bound (4.1) by Lemma 4.2

)95 [REeREEI

d=1v=1kel, 4

D
J\|/2 d T
=D IDUDY Z 712 (30 (11400 P 0 1uca)s, Il
d=1v=1Kkel, 4 IC[d] Jel([d\I) i
XHHY] ||T H 1 ))1/7’
ij LT - Y
jeI jeInS(k) 1/ Pi;
where p(?) is defined as in Theorem 1, and S (k) is defined as follows: fora vectork = (ki, ..., k,)
WCSCtS(k) = {1,k’1—|—1 k‘l—l-kg—l-l,...,kl—I—"'+k'y—1+1}.
LetYW ... y(@'X 1y @), Then, by Young’s inequality, we have for r > 3
1 1/r
(ZH (4a0p @ o 1ica0y); I TTIV 1L, T —=)
jel jeIns(k) \/ Pi;
pi' 1/7"
=(2 I Arop® o 1upca)s, N5 TTIES N, TT )
i jel jeIns(x) \/Pi;
< 27“/(7“ 2 ( ) 1 (T_Q)/T
Nd(e ma’XH(Adop OlL( (k) lIC JHH 7‘] HLT H s )

jeI jGIﬂS(k) Vi

L)

(*WZH Aaop @ o Likaa)s,.
jel
1
AT, H()m>

r—2 r/(r—
§T<62 /(r=2) maXH(Adop( )O 1L( (k) e
jeI jeInS(k

+f(‘2’”ZH (Aaor® o 1rcaep)s, 5 TTITOR, )
Jjel
Saamase ([|(Aa 00 0 1o0c)y Nl TLITE e, 1
o <H( d HE JJI;[I ’ ]GIlrI[S'(k) \/IT‘)

+ [ Ag 0 p'D 0 11 caey llns,

where the last inequality we use the fact that

[TV, Saa 2 37 1(Aao P 0 110c00))s,. |7

jel ir

< [l Az p'? o 1 liis-
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Note that, when I = () and J = {[d]}, we have

1
STV e HLT 11 N ol 14 0D 0 110y lls-
jeI jeIns(k) V7

Hence, (4.1) can be further bounded by

H(Adop( )O]_L

IIC

Z Z Z |J|/2+|I|/QZ Z maX (H(Adop )O]'L(’C(k)))ilc 7 H 1' )
d=11C[d) Jen([d]\I) v=1kel, 4 jeInS(k) VPi;
Z Z 'J'/Q*'”/C"Z > max (I(4a 0 0 110000, j%)
d=1IC[d] Jell([d] v=1kel, 4 Pr (ir)
D
<5 P24/ e (] (Ag 0 p@), 1y
Z:: ;Je%:}\n i <H( 1P jp(ld)(il)>

where pgd) was defined in Theorem 1 and the second inequality is due to Lemma 4.3.

To finish the proof, it remains to replace || (A4 o p(d))ilc 7 by [[(Ef @(X) o p(d))ilc
this end, first fix any multi-index i = (i,--- ,iq) € [n]? whose distinct values are ji,.. ., j,
occurring [y, . .., [, times, respectively. Then, we have

D
ot f E :
E— (X)) = Z Z Z
axil .. axid j 4
ka2l sk 2l MV by 1, km >0 Jut1y sjm
kit +km <D (j1, jm) €[n]™

(2t (T ) T o)
B=v+1

=iyt Llal® + R, (4.2)

7 To

where ai(d) is the i-th entry of A, defined above and Ri(d) corresponds to the set of indices k such
that, 3¢ € [I/], ki > ;.

For the case d = D, we have [; + - - - + 1, = D. Hence, we have k1 = [4,--- , k, = [, which
yields that

P f

(D).
6301»1 cee 8:):”

(X) =vll! 1l (4.3)

Note that Ap = ) xeqy,, Ap © 11k)- Hence, for any I C [d] and J € TI(I¢), we have by the
triangle inequality
1(Ap 0 p)i,ell7

< Z I(Ap o p® o1ric))ipelly < Z I(EfP )OP(D)OlL(K))i,cHJ
Kellp Kellp

<V2"P 7V ip| JEFPN(X) 0 pPilly <o HEFD(X) 09 lls (44)

14



where the third inequality is due to Lemma 4.3 and the second inequality is due to that, for any
fixed C = {K1, -+, K,} € Ilp, by virtue of (4.3), we have

Ef(D)(X> 9] 1L(IC) = V"Kl" ce ’Kl," . AD 9] ]-L(IC)'

To ensure a streamlined presentation, we temporarily assume the validity of the following key
estimate, deferring its detailed derivation to Appendix A. Foreveryd = 1,..., D —1, every subset
I C [d], and every partition J € II([d] \ I), we have

(R Diellz <p Z > 1Ak o™il (4.5)
k=d+1 KeTl([k]\I)
IK|>|T|

In the specific case where d = D — 1, invoking (4.2), (4.4), and (4.5) yields

1(Ap_10pP V) |7
SIEFPI(X) 0 p®P D) |7 + [(RP™D 0 pP- %nj
SOIESP VX)) op® Dllz+ D0 NELP(X) 0 pP)i,e k.

KeIl([DI\I)
IKI=| T

Consequently, a backward induction argument leads to

Z Z Z PIT1/2411)/a max (H (Ago P(d))ilc

d=1IC[d] JeII([d\])

D
1
oY D> D) “7‘/2“”/““}?(H(Ef(‘”(X)op(d))i,c Jp(d)(il))’

d=1IC[d] JeII([d\]) I

)
Tl ()

which completes the proof for r > 3.
For 1 < r < 3, by monotonicity of L,-norms,

1F(X) = Ef (X, <[[f(X) = Ef(X)]|L,-

Since all powers rIT1/2+11/2 are bounded below by constants on 1 < r < 3 and above by constants
depending only on D, , the » = 3 bound implies the desired bound after changing the constants.
O

4.2 Proofs of Theorem 2 and Corollary 2
4.2.1 Concentration inequalities for random tensors

Our proof of the distance theorem (Theorem 2) uses moment estimates for a particular high-order
quadratic-type chaos. We first state these estimates in a form that is convenient for later use.

Let XM ..., X @ be independent random vectors in R™. For each k € [d] and i € [n],
assume that



where 5§k) ~ Bernoulli(p;), 0 < p; < 1, and §Ek) is mean zero, has variance one, and is a-sub-

exponential with
k
&P, <1

for some fixed 0 < o < 1. All random variables appearing above are assumed to be independent.
We write
X=xW, . .., xD)ecRrnd

for the concatenated random vector.

Let A = (Aiy, .. ixa) (i1,...isg)c[n)2¢ D€ @ deterministic 2d-tensor, and consider the polynomial

n d
k k
f(X) = Z Ai17--~7id7id+1,m,i2d H Xi(k)Xi(dlk' 4.6)
k=1

i1, ig=1

This polynomial is homogeneous of degree two in each block X (*) and has total degree 2d. In
the proof of Theorem 2, A will be chosen so that f(X) represents the squared norm of a projected
random tensor. Thus the moment estimates for (4.6) provide the input needed for the distance
theorem.

To apply the general polynomial concentration result, Theorem 1, the main technical point is
to estimate the expected derivative tensors

Ef™(X), 1<m<2d,

in the relevant tensor partition norms. The block-homogeneous structure of (4.6) allows these
norms to be written in more concrete terms, using matrix operator norms and certain partial traces
of the tensor A. We therefore introduce the notation and weights that will be used in the statement
and proof of the main result of this subsection.

We identify the coordinate X ,L.(k) with the block-coordinate pair (k, 7). Equivalently, one may
identify (k, ) with (k — 1)n + 4 € [nd]. For a multi-index

v = ((k1,11), .., (km,im)) € ([d] x [0])™,

define the sparse weight
1/2

= I »)
(k,i)€supp(y)

where supp(y) denotes the set of distinct block-coordinate pairs appearing in . For S C [m], the

marginal weight is
1/2

8= T w)
(k,i)esupp(vs)

where vs = ((k;j,1j),j € S). This is the same weight as in Theorem 1 after the identification
(k,i) <> (k—1)n +i.

16



Reduced weights for the free variables. For ! € [d] and j = (ji,..., ) € [n]%, define the
reduced block-coordinate map

. 87]’55 1§S§l7
(s, 7s) = {( »

For I, C [2l], define

B () = 1T Pa
(m,a)€{Vi(s,js): s€l2}
The product is taken over distinct pairs (m, a). In particular, if two equal coordinates occur in the
same reduced block, they contribute only one factor ,/p; if the same coordinate value occurs in
two different reduced blocks, it contributes twice, since the underlying random variables belong
to different independent copies.

We write §20(j) := {3 (j). Equivalently, for j = (a,b) = (a1,..., a1, by, ..., by),

l
~ pampb'm’ am # bm7
;B(Zl) (a7 b) = Q(arru bm)7 Q(amv bm) = \/7
1 Vo = b

Weighted partial traces. Fix I = {ki,...,k} C [d], where k; < --- < k;. Fora =
(a1,...,a;) € n]', b= (by,....by) € [n)}, u = (ut)ielanr € ]!, and € = (e1,...,¢)) €

{0,1}!, define

@I,E(av b7 U) = (ila cee 7i2d) € [n]2d

as follows. For each unselected block ¢ € [d] \ I, set
it = Tdtt = Ug.
For each selected block t = k,,, € I, set

(amv bm)7 em =0,

(bmaam)a Em =1

(k> Td ) = {

Define the p-weighted partial trace

TP A(a,b) = H\ pu | D Aoy (b
teld)\1

u€[n]d-! ee{0,1}
Finally, define the reduced tensor
AP (a,b) == B (a,b) TP A(a, b).
The factor [ [, ¢ 1 Pu, comes from the contraction

) @) _
EXit X, —pitl{it:id+t}’

d+t

whereas &fi(?l) (a, b) is the derivative weight from Theorem 1 for the free variables.

17



THEOREM 3. Let f be the polynomial defined in (4.6). Then, for every r > 2,

21,
H (A(Il p))jfc
TESEENISTHPND S DD DIINCLCUCL Y o ML 53
=1 I,C[2l] JeIll([2]]\I2) i1y I C[d} ‘B (J1,)
[11|=l
4.7
We use the conventions ‘Bgl) =1land1(@) = {2}.
Proof. Applying Theorem 1 to this polynomial, whose degree is at most 2d, gives
2d H (Ef(m) (X)o gp(m)) ‘
1FCO) = EF(X)n, Saa 3 > 3 7S max L.
m=1 SC[m] JE([m]\S) s Bs ' (vs)
4.8)
Here v = ((k1,41),- .., (km,im)) is a derivative multi-index in ([d] x [n])™.

We next identify the nonzero entries of E f(") (X). For a derivative multi-index -, let
Ni(7y) :==#{s € [m] : ks = t}, t € [d].
Since the polynomial (4.6) has degree at most two in each block X (), we have

Ed, f(X) =0

unless
Ni(y) € {0,2} for every t € [d].

Indeed, if V() > 3, the derivative with respect to the ¢-th block vanishes. If N;(y) = 1, then
after differentiation one centered factor from the ¢-th block remains, and its expectation is zero.
Consequently only even orders m = 2[ contribute. Let

I:{kl,...,kl}g[d], k1<"'<kl7

be the set of active blocks, namely the blocks differentiated exactly twice. For a = (a1,...,q;)
and b = (b1, ..., b), consider the canonical derivative

Orap = 6Zk1va1 o .827%01 azklvbl o '8‘3’%’31'

For each selected block k,,,

8kaﬂ'm 8ka,bm (ka»ikm ka7id+km )
= L sias i )=(ambm)} T (it sias k) =(bmsam)}-

This identity also gives the correct factor 2 when a,,, = by,,. For each unselected block ¢ ¢ I,

EX(t)X( ) pZtl{“ e}

1t Td+t

18



Therefore

]Eal,a,bf(X) = Z H Duy Z A@I’E(a,b,u) (49)

u€ln]d=t \teld\I e€{0,1}!
= TP A(a,b).
Multiplying (4.9) by the derivative weight from Theorem 1 yields
(B0 0p®) =P (a,b) TPA(,b) = AP (a,b),
7a7
for the canonical ordering of the derivative coordinates.

It remains only to account for the fact that the tensor E f (20) (X)o ‘B(%) is indexed by all pos-
sible orderings of the 2/ derivative coordinates. Every nonzero entry is obtained from one of the
canonical tensors .A?l’p ), |I| = I, by a coordinate permutation and by the corresponding embed-
ding into the appropriate block coordinates. The number of such permutations and embeddings
depends only on d.

Partition norms are invariant under coordinate relabeling, up to relabeling the underlying par-
tition. Moreover, under the same relabeling the denominator ‘43(320(75) becomes precisely the
reduced marginal weight ‘i?f(g) (jx(s)) for the corresponding subset of coordinates. Since the
right-hand side of (4.7) sums over all subsets I C [2[] and all partitions J € II([2] \ I2), these
finitely many relabelings are absorbed into the constant depending only on d. Hence, for each
[l =1,...,d, the total contribution of the m = 2[ term in (4.8) is bounded by

J/2+|12]/a 2T
€Y Y e 3
I,C[21] Fen([20\]2) 2 ncld ‘312 (J1s)
[11]=l
Summing over [ = 1, ..., d proves (4.7). O

While Theorem 3 gives a precise moment bound, the sum over all partitions is cumbersome
in applications. We therefore specialize to the homogeneous setting, where the selection prob-
abilities are uniform. Bounding the partition norms by tensor operator norms then yields the
following corollary. This bound separates the sparse Gaussian-type fluctuation from the heavy-
tailed fractional-exponential decay, and it is the main tool in the proof of our subspace distance
theorem.

COROLLARY 3. Assume the setting of Theorem 3. Suppose in addition that

Define
o d)2 2
Lnpa i =p"? Srggg_l(np)s/ :

Then, for every r > 2,

1F(X) = Ef(XO)Iz, Sadr*TnpalAll2g

d 2 (4.10)

- ZPCH Z /T2 Al pap -
I=1 k=2
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Proof. We apply Theorem 3. Fix [ € [d], I; C [d] with |I1| = [, a subset I3 C [2!], and a partition
J € II([20] \ I2). Put
= |I5], k:=|J]|.

In the homogeneous case, the reduced tensor admits the decomposition

AP = pt 3@ o Ny, a4 4.11)

ee{0,1}

where 17, - A is the unweighted partial trace defined in Appendix B. We split the contribution in
Theorem 3 according to whether xk +¢=1or kK +q > 2.

First consider the terms with k + ¢ = 1. Since J is a partition of [2] \ I3, this can occur
only when I, = @ and J = {[2]}. Hence the norm is the Hilbert—-Schmidt norm. By (4.11), the
pointwise bound P2 (5) < p!/2, and (B.10),

HAgl,P)H[Ql] < gt Hq’_ng 0Ty, . AH
ec{0,1}!
<pt? > 177, e All g
e€{0,1}

Sd pd_l/zn(d_l)/2||f4||[2d]-

Therefore, after summing over the finitely many choices of [ and 5, the total contribution of the
terms with x + ¢ = 1 is bounded by

1/2 d-1/2, (d-1)/2 1/2, d/2 s/2
Coar max p [ Allj2q) = Ca,ar’"p 021X 1("17) [ Al 24

= Caar"*Thp.all Allj2a- (4.12)

It remains to handle the terms with x + g > 2. We first remove the free weight si;(ﬂ)_ If
I, = &, then (B.3) and p < 1 give

HA 21,p) HJ < pd—l Hm (20 o Ty, EAH
ee{0,1}
Sap™? YT T Al (4.13)
e€{0,1}

If I, # o, then (B.4) gives, uniformly in jy,,

H (2l,p H (;i;(zz) o Th,sA) |
]15 7 d—l Jig T
<P > —@n, .
51812 (.712) ec{0,1}! mIQ (]12)
Sap™t > H(Tzl,aA)j,g ) (4.14)

ee{0,1}
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Combining (4.13) and (4.14), and then applying (B.9), we obtain, for all terms with K + ¢ > 2,

T <a p D2 Al o far-

Here, when I, = &, the denominator is interpreted as one.
The corresponding factor in Theorem 3 is rr/2+a/e Since 0 < o <landr > 2,

pr/2+a/a < p(tg)/o

Set k := Kk + q. Since we are in the case k£ > 2 and always have k < 2d, summing over all choices
of I, I1, I, and J only changes the implicit constant by a factor depending on d. Hence the total

contribution of the terms with k 4+ ¢ > 2 is bounded by

d 21
Caa Y " Y o n ™ 2 Al g ayay

=1 k=2

Combining (4.12) and (4.15) proves (4.10).

4.2.2 Distance to subspaces for random tensors

Proof of Theorem 2. Assume B # 0 and set
M :=B'B.
We view M as a 2d-tensor by writing

A

U1 5eesldsldt1se 5024

= Miy,...ia), (0

1d), ,Ld+17"'7i2d).

Then
XTMX - Z A'll» ~l2d H X Zd+k

We first record the quadratic—form consequence of Corollary 3. For every r > 2,

|

Since the coordinates of the simple tensor are isotropic up to the factor p?, we have

ad 7T ,p,dHMHHSJrZT'k/O‘ GRL2 | M || op-
k=2

EXTMX = ptr(M) = p?|| B| 4.

Put
Y:=X"MX-EX'MX,  b:=p"?B|us.

21
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For non-negative real numbers a, b with b > 0,
) ’CLZ _ b2|
|a — b < min — V|a? — b2} .
Applying this with a = || BX || and using (4.17), we obtain

. Y
180~ 2B, < min {2

VT

L)

Since r > 2,

|

1/2 1
L = VI, < vl

Let
g(z) := min{x /b, /x}, x> 0.

The function g is non-negative, increasing, concave, and satisfies g(0) = 0, hence it is subadditive.
Applying g to the right-hand side of (4.16), using g(z) < /b for the Hilbert—Schmidt term and
g(x) < /x for the remaining terms, we get

Lypa | B! Bllns
BX _pd/2 B SH S 7,1/2 D,
HH 2 H [ L, a,d pd/2 1B |us

2d
+ Z Tk:/(2a)nd/2—k/4 /HBTBHOP'

k=2
Using
IB" Bllus < | Bllopl|Bllus, 1B Bllop = [IBIl5p,
this becomes
2d
1812 = p"21Blls|| | St 1Blop <r1/2An,p,d - Zrk/<2a>nd/“/4> @)
" k=2

By the standard moment-to-tail conversion lemma, see, e.g., [13, Lemma 2.1], (4.18) implies
that, for every t > 0,

)
IP’{‘HBXHQ —pd/zHBHHS’ >th < 2exp | - cla,d)min{ ———
An,p’dHB’ op
' " 2a/k
2h<2d \ nd/2=F/4|| B op '
(4.19)
It remains to simplify the second minimum. Let
t
T = ——.
n%2|| Bllop
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For 2 < k < 2d,

¢ 2a/k 12, 2k
(nd/“/4||B|op) B

If £ < 1, the minimum over 2 < k < 2d is attained at k = 2, giving

a/2 o t “
e ‘<n<dl>/2|B||op> '

If x > 1, the minimum is attained at k = 2d, giving

12, a/d " a/d
n* cxt = .
<||B|op)

Thus the second minimum in (4.19) is bounded below by

wiod (e (1)
n(d_l)/zHBHOp ’ | Bllop .

4.2.3 The Singularity of simple tensor matrices

Proof of Corollary 2. Let N = n?. For each j € [m], set
H; :=span{X; : i # j}, Qj = PH]_L, kj := rank(Q;).
Since m < (1 — €) N, we have
kj = codim(H;) > N —m+1 > ¢eN.

Put
n = pden.

By the assumption on ¢, after choosing ¢; = ¢1(«, d) sufficiently large, we may assume thatn > 1.
Moreover, since € < 1, the range of parameters is non-empty only if np? > ¢ (d log n)2/ “. Hence,
increasing c; if necessary, np > npd > 1, and therefore

_ s/2 _ (d—1)/2
Anpa = max (np) (np) :

Conditioning on all columns except X, the projection (); is fixed and X; is independent of
Q;. Applying Theorem 2 with B = (); and using

1Qillop =1, [1Qjllus = VK5,

we get

P {dist(Xj, Hj) < %pd/%/sN ‘ Hj}
1
< p{10% e < 3o Vi | 1}
dr.. a2 -\
_ vtk (0P a2\
< 2exp [ ¢(a, d) min { (p)i—1” (n(dl)/2 , (p \/E) .
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Since k; > end, 0 < p<1,0<e<1,andn > 1, the three terms in the minimum are bounded
from below, up to constants depending only on «, d, by

pen, (pdgn)oc/Q, pa/2€a/(2d)na/2‘

Each of these is at least cwma/ 2. Indeed,

pen > plen = n > /2,
and
pa/2€a/(2d)na/2 > pda/Zsa/Qnaﬂ _ na/2.
Therefore,
1
P {dist(Xj, Hj) < ipd/Q\/ €N} < 2exp (—caydno‘m) .
Taking a union bound over j = 1, ...,m, and using m < N = n?, gives

1
P {Hj € [m] : dist(X;, Hj) < 2pd/2\/5]\7} < 2nexp (—caﬁdno‘ﬂ)

< 2exp (—02(0@ d)n"‘/z) :
where the last inequality follows from
n®/? = (plen)®/? > c?/zdlogn

and from choosing c; sufficiently large.
On the complementary event,

1
dist(X, H;) > 5p‘i/WgN, j=1,...,m.

Let s¢(X) denote the singular values of X. By the negative second moment identity,

m m
D se(X)TP =D dist(X;, Hy) 2
=1 j=1
Thus
m m
_ _ . _ dm 41 —¢
()72 £ 30 X) = Yo, 1) < A < M0
=1 j=1 p P
Equivalently,
1 5
O'min(X) > §pd/2 71 — 6.

Since n) = pen, the desired estimate follows:

. 1 a2 | & _ _ d_, \o/2
P{amm(X) > 2p ,/1 —5} >1 2exp< ca(a, d)(pen) >
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A Supplementary Proof of Theorem 1

In this appendix we prove the estimate used in the proof of Theorem 1: foreveryd = 1,...,D—1,
every I C [d], every fixed i, and every J € II([d] \ I),

, San DS (A 00|

q=d+1 KeI([g]\])
IK|=|T|

H (RD o p@); . (A1)

Here, when ¢ > d, the set I C [d] is identified with the same subset of [g].
It is enough to prove the localized estimate

7 Sa,D i Z H(Aqop(Q))iIC .

g=d+1 KeI([g]\])
IKIZ1T

H(R(d) op@o 1(7))ige

for every Z € Ilp, since

R@ — Z R@ ¢ 17)
Zellp

and the number of partitions of [d] depends only on d.
Fix
I:{Il,...,IV}EHd, 15::|Iﬂ|, B=1,...,v.

For i € L(Z), denote by jg = jg(i) the common value of the coordinates {i,,r € Ig}.
Let
k = (kl,...7ky) ENi

satisfy
kg >1g forall g € [v], k£ (l1,...,1,), k| =k +---+k, <D.

In particular, ¢ = |k| > d.
Define the d-tensor

ng,k) _ (Si(d,k))

ie[n]d
by

1%

(dvk) _ k k _l

57 = lgermy oy [[BX) 7,
f=1

where j3 is the value of i on the level set 3, and a}‘l
definition of A, on level sets of sizes k1,...,k,.
By the definition of R(?), we have

.....j,, denotes the coefficient tensor used in the

z kg!

d _ Z B (dk)

R( ) o 1L(I) = l/! H mSZ . (AZ)

keNY, p=1 \VB T B)"
kg>lg, k#(l1,..,lv), [k|<D
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The sum is finite and all combinatorial coefficients are bounded by constants depending only on
D. Hence it is enough to prove, for every such k,

e Y H(Aq op@);.
J K
Kell([g]\I)
|K|>|T]

(59 0 5@,

;o a=|k| (A.3)

Fix such a vector k. Choose a partition
Z={L,...,I,} €1,

such that B B
Ig C I3, |I5| = kg, g=1,...,v.
For each 33, let
pp = min Ig.
Define a map 7 : [¢] — [d] by

r,or<d,
m(r) = ~
PB) TEIﬂ\Iﬁ.

Thus, if u € L(Z), then
Up = Ur(r), r=d+1,...,q.

Define the ¢-tensor
Slak) _ (;q,k)

u

)ue[n]q
by

Fak) _ y(dk)

u uy LueL(@)- (A4)

By construction of A, for u € L(Z),

509 = (4. [] IEXfff;lﬁ. (A.5)
p=1

Moreover, on L(Z), the coordinates d + 1, ..., g only repeat old coordinates. Therefore the set of
distinct values of w is the same as the set of distinct values of u[g), and hence

pl@) = p(@ ue L(T). (A.6)

Upa)’
We now construct a partition of [¢] \ I from [J. Write
T = {0, ) €T\ ).
Initialize

K, = Jg, a=1,...,u, K, =02
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Foreveryr =d+1,...,¢,lett =n(r) € [d]. If t € [d] \ I, leta € {1,...,u} be the unique
index such that ¢t € J,, and put
K, := K, U{r}.

Ift € I, put
Kyyr = Ky U{r}

If K,,41 = @, we discard it. The resulting family, still denoted by C, is a partition of [¢] \ /, and

Kl e {|T1,1T1+ 1} (A7)
We claim that . B
|55 0 p@yy, || < | (5@ 0 p@),. | . (A8)
Let
l'(a):((a)> , a=1,...,u,
LJa 'LJ
be test tensors with
2 |ms < 1.
We define test tensors for the partition K. Fora = 1,..., u, set
yq(;i() = ':U’Sta) H 1{“7‘ u7r(7
T‘EK&

This is well-defined because if r € K, \ [d], then (1) € J, C K,. Also,
Iy s < [l lus < 1,
since the indicator factors determine the extra coordinates K, \ [d] once u, is fixed.

If K, 11 # 2, define
(p+1)
yul;} H 1{“7‘_171'(7‘)}
TEKH+1

Then
Iy s < 1,

because this tensor has at most one nonzero entry.
Using (A.4) and (A.6), we obtain

o
CRN | ¢
a=1

ians
m
~ 1’ K +1 = @7
= Z (S(q,k) ° p(q))u H nga) ) { i) P
Ula\I a=1 * Yug, > K, 1 #09.

Taking the supremum over all admissible 2(%)’s proves (A.8).
It remains to compare S(@%) o p(@) with Ago p@. Forr = 1,...,q, define vectors v, € R™ by

UPB(G) = EXfB?le ac [’I’L], ﬂ = 1a RS
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and
ve(a) =1

for all remaining 7. Since || Xg||w, < 1and 0 < kg — I3 < D, we have
||Ur||oo ga,D 1, r=1,...,q.

By (A.5),
q

5@k) o pla) — (Aq op@ o 1L@) o) vy

r=1

Therefore, applying Lemma 3.4 (5) in [16] to the tensor A, o p@o1 (7 e get

H (§@k) o p@)y;

K S H(Aq op® o @i K
Then Lemma 4.3 gives

H(Aq op@ot,

. Sp H(Aq Op(q))i,c .

@ ire
Combining the last two displays with (A.8), we obtain

| (55 0 s,

, San ||(4g0 9@

By (A.7), this implies

|55 0 p)

j SO&,D Z H(Aqop(q))ljc
K'ell([g]\I)
IK'1>|T]

17c i/ .

This proves (A.3).
Finally, summing over the finitely many admissible k’s in (A.2), and then over the finitely
many level-set partitions Z € IIp, proves (A.1). Hence (4.5) follows.

B Supplementary estimates for Corollary 3

In this appendix we collect the deterministic tensor-norm estimates used in the proof of Corol-
lary 3. Throughout this appendix, set

L :=[d], Ri=d+[d={d+1,...,2d}.

Thus
|A

LR = [|All ), 2a\[a)-
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The unweighted trace tensors

Let
I:{kla"-vkl}g[d]v k1<"'<kl7

and let a = (a1,...,q;),b = (by,...,b;) € [n)'. Foru = (ut)ielans € n]¢! and e =

(1,...,&) € {0,1}, recall the filling map

@],a(a> b7 U) = (ila R >Z.2d) € [n]2d

9

defined by
it:id+t:ut, te[d]\[,

and, fort =k, € I,
(amvbm)a Em = O>
(bms@m), €m = 1.

(k> Td ) = {

We define the unweighted partial trace associated with one selected-pair swap pattern by

TreA(a,b) == Y Ae, (abuy b€ [n] (B.1)
u€[n]d-!
In the homogeneous case p; = - - - = p, = p, the reduced tensor from Theorem 3 can be written
as
. o~
A§2 P) _ pd Z‘B(Ql) o Z ) A.
e€{0,1}!

For later use, define the bijection
pre: 2] = ITU(I+d)

by

km: Em =
pre(m) = {

9 d+km7 Em:07
d+km7 Em:17

m € |l]. B.2
km7 Em::l? [] ( )

pl,a(l +m) = {

If J is a partition of a subset of [2{], then p; () denotes the partition obtained by applying py .
to every block of J.

LEMMA B.1 (Lemma 23 in [5]). Let B = (B;);c[njm be an m-tensor and let K = { K1, ..., K}
be a partition of [m]. Suppose that K, = KU K|, is a disjoint union. Then

: ! !
HBHKl,...,Kkl,Kg,K’, < HBHKL---J(S < nmm{|Ks|7\Ks+1|}/2HBHKLM’KS?l’K;’K

!/ .
s+1 s+1

LEMMA B.2. Assume p1 = --- = p, = p € (0,1]. Letl € [d] and let B = (B;);c be a
2l-tensor.

1. For every partition J € II([2l]),

1B o B|; Sap'?I1Bll7- (B.3)
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2. Let Iy C [2l), fix j1, € [n]'2, and let 7 € TI([20] \ I3). Then

(B o B ing

J

i Sa || Bise | - (B.4)
Bh (i) :

Proof. Write the multi-index as j = (a,b) = (a1,...,a;,b1,...,b;). In the homogeneous case,
the global weight tensor factors completely over the block structure:

_ l

;B(ﬂ) (a,b) = H q(am, bm),

m=1
where the pairwise weight function is given by
q(am; bm) = p a2, T VP Lap=bn} =P+ (VP — P)L{an=bm)-

Expanding the product over m = 1,...,[, the weight tensor can be expressed as a finite linear

combination of indicator functions associated with specific equality patterns:

PO (a,0) = Y pBI(p—p)¥1gg(a,b),

Scl]

where Eg = {(a,b) : an, = by, forallm € S}. Geometrically, each set Eg is an intersection
of generalized diagonals. According to Lemma 3.4 in [16], the operation of taking the Hadamard
product with the indicator function of a generalized diagonal (or intersections thereof) constitutes
a bounded multiplier on any partition norm || - || 7. Therefore, there exists a constant Cy > 0
depending only on the tensor dimension d such that |15, o B||7 < Cy||B|| 7 forall S C [I].

Since p € (0, 1], we have /P —p = 0. The total variation (the sum of the absolute values of
the coefficients) converges exactly to p/2 by the binomial theorem:

_ l
S Evm ) = S B ) = o+ (VB p) =2
Scli] scli
Applying the triangle inequality for the partition norm gives:
H%QDOBH Zpl Sl(vp P)|S|H1ESOBHJ <4 p"?||B 7.
scli]

This establishes (B.3).
For the sliced estimate (B.4), we fix a subset of coordinates [o C [2[] with values jz,. The
condition weight multiplier applied to the remaining free coordinates jr¢ is the quotient

W) ()
SBIQ (312) '

Due to the independence of the blocks, this quotient preserves the product structure, yielding
W(ig) = Hin:l wy,. For any given block m, the factor w,, falls into one of three mutually
exclusive cases depending on the fixed coordinates:

W(jre) =
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1. Neither coordinate is fixed (a,, b & 12): Wi = q(am, bm) = p + (/P — P)iap=bn}-
The sum of absolute coefficients is p 4 (\/p —p) = \/p < 1.

2. Exactly one coordinate is fixed (e.g., b,, = xo € jy, is fixed and a,,, = x is free): Dividing
the joint weight by the fixed marginal weight yields wy, = /p + (1 — \/P)1{z—z,}- The
sum of absolute coefficients is \/p + (1 — /p) = 1.

3. Both coordinates are fixed (a,,,b,, € I2): The factor identically cancels out, yielding
wy, = 1. The sum of absolute coefficients is 1.

Expanding the product W (jr¢) = Hlm:1 wy, generates a new linear combination W (jre) =
Yok Crl fo where each E' represents either an equality pattern strictly among the free coor-
dinates, or an equality forcing a free coordinate to match a fixed value (which corresponds to a
coordinate projection after slicing). The total variation of this expansion is simply the product of
the absolute coefficient sums of the individual blocks:

> ek Sal.
K

Applying the triangle inequality and Lemma 3.4 in [16] yields:

H T (20) ) o B) J[p HZ~ (1 B; ) ’ < HB
= ck\Lp 0 Bjie) || Rd ||Biglls
m[z (Jr) K ® g 2
This establishes (B.4) and completes the proof. O

LEMMA B.3 (Sliced partition norms versus the middle flattening). Let F' C [2d] with |F| = g,
and fix jp € [n)F. Let K = {K;, ..., K.} be a partition of F¢ = [2d] \ F. Then

145l < =2 Al k. (B.5)
Proof. For each block K € K, set
K; =K,NL, Kl :=K,nR.

Let K’ be the partition obtained from K by replacing every nonempty mixed block K by the two
nonempty blocks K and K. Repeatedly applying Lemma B.1 yields

| Asglic < na Do minlRE LI A ). (B.6)
The partition K’ refines the two-block partition
{L\F, R\ F},

with empty blocks omitted. By monotonicity of partition norms under refinement, and by embed-
ding the test vectors into the fixed coordinates jr, we have

[Ajelier < [ Ajellnrrir < 1AlLR- B.7)
Finally,
me{]K KT} < Z(]KS\ —1)=|Fl-m=2d—q—m.
s=1
Combining th1s estimate with (B.6) and (B.7) proves (B.5). ]
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LEMMA B4. Let A = (A, i,,) be a 2d-tensor. Fix I = {ky,...,k} C[dwithk) <--- <k,
and fix e € {0,1}\. Let Ty - A be defined by (B.1), and let p;  be defined by (B.2).
Let I, C [21] and set
F .= pI,e(IQ) C [2d]

For a fixed jr,, denote by jt. the corresponding fixed coordinates of A, namely
lpro(s) = Jso s € I
IfJ ={Ji,...,J} € (2] \ I2), define
K:=pr(T)U{{t,d+t}:te[d\I}.
Then K is a partition of [2d] \ F, and
|(T7cA

< Al

(B.8)

)jfg J
In particular, if Io = O, then
IT1cAlly < nl D2 Al (), (s aeann-

Proof. Tt suffices to prove (B.8). Let z(5) = (z 58) ), s = 1,..., K, be test tensors with Hilbert—
Schmidt norm at most one. By the definition of 77 6A

S (T1-A) () H 2y
Jl2\ 1o =1
Z H pIE(Js H Liii=igpe)

ipa\r 5=l teld\]
where the coordinates in F’ are fixed according to j%. For every t € [d] \ I, define

y(% = n_1/21{a:b}, a,b € [n].

Then ||y)||o = 1. The last display equals
(d 1)/2
Z A prI (Js) H yltﬂdth
i[2d)\F s=1 te[d)\I

This is bounded by n(?~)/2 HA(jfw )ellxc by the definition of the partition norm. Taking the supre-
mum over all admissible test tensors (%) proves (B.8). ]
LEMMA B.5 (Uniform bounds for the unweighted partial traces). Let I C [d], =1, let

e € {0,1}!, and let Ty A be defined by (B.1). Let I C [21], set q := |I2|, and let J € H([ [\ I2)
with k := |J|. Then, uniformly in the fixed coordinates jr,,

H (TI,EA)

<t D2 A g (B.9)

1 (&
J12

J

Moreover, when 1o = &
ITreAllg < nt=D2) Allpq. (B.10)
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Proof. Let p = py . and set F' := p([). Let
K:=p(J)u{{t,d+t}:ted\I}.

Then K is a partition of F*¢ and
IKl=rk+d—1L

By Lemma B .4,
H (Tl,sA)

irgll 7 < n<d—l)/2|yA(j;)cH,c. (B.11)

J
Applying Lemma B.3 with m = || = k +d — l and ¢ = |F'| = | 2| gives

1AGs)ellic < nt=CHEHO2) 4]l g,

Multiplying by nld=/2 proves (B.9).
For (B.10), take [» = @ in (B.11). Then F' = & and K is a partition of [2d]. Since every
partition norm is bounded by the Hilbert—Schmidt norm,

Al < [[Allj2q5,

and (B.10) follows. ]
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